Current Distribution for Superconducting Strip Transmission Lines at
  Microwave Frequencies by Genkin, V. M.
Current Distribution for Superconducting Strip Transmission 
Lines at Microwave Frequencies. 
 
V. M. Genkin 
 
Abstract 
Current distribution for a thin superconducting strip shielded by two ideally conducting 
plains has been calculated. It is shown that at microwave frequencies the current density 
has maximum over the center of the strip in contrast to the dc current pattern, which 
exhibits crowding over the edges. 
 
Introduction. 
 The problem of dc current distribution for a superconducting thin film has been 
discussed by several authors[1-5]. It was shown that dc current density in 
superconducting thin strip peaked at the edges. It is anticipated that the same effect takes 
place at microwave frequencies since the Meissner effect apply equally to ac as to dc 
currents. Accurate calculations of current distribution at microwave frequencies for 
superconducting transmission lines are very important for interpretation various 
experimental data and there are a lot of papers on this subject[6-12]. At microwave 
frequencies the distribution of the current is determined by complex interaction of the 
carrying current film with other conductors and crowding depends on real geometry. For 
real geometries of microwave devices analytic solutions for current distribution do not 
exist but various numerical methods have been used. In this paper we consider the current 
distribution for a thin superconducting strip shielded by two ideally conducting plain, i.e. 
stripline configuration. We found that at microwave frequency the current distribution in 
the superconducting strip was significantly different from dc current pattern. Current 
density exhibits maximum over the center of the strip. 
 
Problem formulation and results. 
 Let us consider the stripline structure of Fig. 1 with thin strip and ideal ground 
plains. Wave propagates along z-axis. 
 
Fig. 1. A stripline structure with a thin superconducting strip. 
 
Maxwell equations for electromagnetic fields in the form 
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22 kqkh -= ,  e is the relative dielectric 
constant. Assuming that the thickness of the strip, d , is small in compared with the 
penetration length, and current density does not depend on y , we have such boundary 
conditions at hy =  
),,0(),,0( qkhEqkhE xx +=- , ),,0(),,0( qkhEqkhE zz +=-  
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Current density in the strip has only x, z components. Matching the field components we 
obtain for z-component of electric field at the strip 
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222 kqkr -+= . Integral equation for zE  is given by 
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s  is the complex conductivity of the strip, w  is the strip width.. External current, extzj , 
has been inserted to obtain integral equation of the second type. For superconducting strip 
this current could be ascribed to the gradient of the phase of the order parameter in 
accordingly with London equation 
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where l is the London penetration length, F0  is the magnetic flux quantum. The 
conductivity of superconductor neglecting normal currents is wpls 22 4/ic= . The 
solutions of Eq. (5) with extzj =0 determine the wave numbers k  of propagating waves. 
In general, zx jj << , and we neglect x-component in the following qualitative 
discussion. The character of the solution of Eq. (5) is determined by the function 
)'( xxEzz - . If this function has maximum at small distances and its sign corresponds to 
the repulsion as for dc currents, we obtain current crowding at the edges. But if this 
function has minimum at small distances, then current could crowd over the center of the 
strip. Function )'( xxEzz -  is proportional to e
2
0
22 kkke -=  and changes its sign as 
0/ kk  increases as it is demonstrated by Fig. 2 where the normalized imaginary part of 
)'( xxEzz - (real part is small) is shown for 0/ kk =4 and 0/ kk =5. These calculations 
are performed for stripline with 0/05.0 kh = , and LaAlO3 as a substrate (e=24). 
0.000 0.005 0.010 0.015 0.020
-1.0
-0.8
-0.6
-0.4
-0.2
0.0
0.2
0.4
0.6
0.8
1.0
k /k0 =4
k /k0 =5
Im
(E
zz
(x
))
/|
E
zz
(0
.0
00
01
)|
 
xk0
 
Fig. 2. Normalized imaginary part of )(xEzz  for two values of 0/ kk . 
 
 This changing of the function )(xEzz  reflects in the character of the solution of 
Eq.(5). For 0/ kk =4 we obtain maximum of the current density at the strip edges; for 
0/ kk =5 this maximum moves to the strip center. This is demonstrated by Fig. 3. There 
we show the normalized current density ))(Re( extzzz jxjj +=  for two values of 
0/ kk . It was assumed that external current density 
ext
zj  did not depend on x. Actually 
this value determines the total current in the strip. These numerical results are obtained 
for a strip of width 0/02.0 kw =  and parameter 
22/ lpdwp º =2. The last parameter 
is the ratio of the strip width to the transverse penetration length deff /2
2pll = . If 
p>>1, the dc current in the thin strip has the functional form of 
2/122 ]/)2(1[ --- wwx  with maximum at the edges. 
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Fig. 3. Current pattern for two values of 0/ kk . The stripline width is equal to 0/02.0 k  
and p=2. 
 
 We discussed up to now only the solutions of inhomogeneous Eq. (5) with 
ext
zj ¹0.  The propagating microwave modes are determined by nontrivial solutions of 
homogeneous Eq.(5) with extzj =0. The dominant mode in this structure has 
2/1
0/ ekk >1 and, accordingly, current density has maximum over the center of the 
strip. For strip with p=2 the dominant mode has 0123.5 kk = . At Fig. 4 we showed the 
current patterns for the dominant mode for several values of parameter p. The increasing 
of p leads to the decreasing the height of the maximum over the center of the strip. This is 
due to the decreasing of eigennumbers 0/ kk  as p increases. For example, for p=2 we 
have 0/ kk =5.123; and for p=20   0/ kk =4.922. This decreasing of 0/ kk  approaches 
the border where current pattern changes its character as it is shown at Fig. 3 and current 
distribution flattens.  
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Fig. 4  Normalized current density for dominant propagating mode in striplines for 
several values of p.  
 
 The obtained results are different from published previous researches, which 
oversimplified the used model and neglected the dependence of the current distribution 
on k. Week’s et al.[13] method exploited in [7,10,11] assumes that z-component of 
electric field is constant over the strip, but current density contradict the Ohm’s law does 
not constant. Small parameter that validates this approach is not clear.  
 These numerical calculations take into account also xj -component of the current 
and have been done in the following manner. The terms zj  and xj  are approximated by 
the expressions 
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 and one could express nb  through 
na  for n>0 .For term n=0 we have to use full equation 0/ =¶¶+ tjdiv r
r
, so the z-
component of the total current( 0a ) in the strip does not equal zero(see discussion in the 
Appendix). A Galerkin testing procedure was applied in the space domain to yield the 
linear set of equations. Computation with harmonic number N=65 requires less than one 
minute of CPU time. 
 
Conclusion. 
 We found that current distribution in superconducting strip at microwave 
frequencies is different from distribution of steady current. There is maximum in the 
center of the strip. The increasing of the strip width leads to smoothing the current 
distribution.  
 
Appendix.  
 In this Appendix we discuss the application of equation 0=jdiv
r
 for calculation 
the wave propagation in a stripline. From exact equation 
0/4 =¶¶+ tEdivjdiv
rr
p      (A1) 
after integration over thickness of the strip we obtain 
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where )( -+ yy EE  is the electric field on the top (bottom) surface of the strip and we took 
into account that ws >>  .From the z-component of equation HikErot
rr
0=  we can 
obtain estimation yEqE xy ¶¶» /  . If wnq /» >0   and  hEyE xx // »¶¶  then 
nhwEE xy /» , and proportional to w term in (A1) can be neglected if 
nhwnwhd // ws >>  . It means that we can use condition 0=jdiv
r
 for n >0 in (5). For 
n=0 we have to use (A1) if the total current in the strip does not equal zero. 
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